Some characterization theorems and non-existence results of semiovals with extra properties are proved. New examples of large semiovals are constructed for q = 11 and q = 13.
Introduction
Let Π be a projective plane of order q. A semioval in Π is a non-empty pointset S with the property that for every point P in S there exists a unique line t P such that S ∩ t P = {P}. This line is called the tangent to S at P. The classical examples of semiovals arise from polarities (ovals and unitals), and from the theory of blocking sets (the vertexless triangle). The semiovals are interesting objects in their own right, but the study of semiovals is also motivated by their applications to cryptography [2] .
It is known that q + 1 ≤ |S| ≤ q √ q + 1 and both bounds are sharp [11, 19] ; the extremes occur when S is an oval or a unital, respectively. The sizes of the known semiovals are close to either the upper, or the lower bound; almost nothing is known about semiovals for which 3q − 2 ≤ |S| ≤ q √ q holds. Large semiovals can be constructed as unions of conics if q is an odd square, applying a method developed by Hirschfeld and Szőnyi [10] . In Section 2 we generalize their method for q ≡ 1 (mod 4). We prove that in PG (2, q) there is a semioval of size s for all q 4 log q < s ≤ q √ q + 1 if q is an odd square. In Section 3 we present some new examples of medium size semiovals for q ≤ 13. These semiovals were found by computer search.
If |S| = q + 1 or |S| = q √ q + 1, then all nontangent lines intersect S in either 0 or a points, where a = 2 or √ q + 1,
respectively. Semiovals with this extra property are called regular with character a. Recently Gács [8] proved that in PG (2, q) each regular semioval is either an oval or a unital. Semiovals which have only three intersection sizes 1, m + 1 and n + 1 with the lines of the plane, were studied by Batten and Dover [3] . They found only one example for q ≤ 1024: this is a cyclic semioval in PG(2, 7). We prove some non-existence results about cyclic semovals in Section 4.
Semiovals with large collinear subsets were investigated by Dover [7] . He proved, that a semioval contains at most q − 1 points of a line if q > 3 and if S has a (q−1)-secant, then |S| = 2q −2, or 2q ≤ |S| ≤ 3(q −1). If S has more than one (q−1)-secant and q ≥ 7, then S can be obtained from a vertexless triangle by removing some subsets of points from one side. Some examples of semiovals having (q − 2)-secants were found by Suetake [17] . In Section 4 we prove some characterization theorems about semiovals having (q − 2)-secants.
Semiovals contained in the union of conics
Throughout this section let α be a fixed nonsquare element of GF(q), and for a ∈ GF(q) let P a be the conic in PG(2, q) with equation
If q is an odd square, then Hirschfeld and Szőnyi [10] and independently Baker and Ebert [1] constructed a unital in PG(2, q) as union of √ q conics. Let us briefly summarize their construction. Consider the pencil of superosculating conics {P a : a ∈ GF(q)}. Let {a 1 , a 2 , . . . , a √ q } be the elements of GF( √ q) ⊂ GF(q).
Then the subset of this pencil
is a unital. If a point R ∈ P a i , then the tangent line to U at R is the same as the tangent line to P a i at R. In particular, the tangent line to U at Y ∞ (0, The semiovals of size q log 2 q/2 +1 are the largest known semiovals in these planes so far. We mention that these semiovals are minimal blocking sets, too, see [18] .
We can construct new semiovals from existing ones by careful deletion of some points.
Proposition 4. Let S be a k-fat semioval. If T ⊂ S has the property that each line meets
Proof. Let R be a point of S \ T . Then the tangent to S at R is obviously a tangent to S \ T at R. The only thing what we have to prove is that no new tangents appear after the deletion of points of T . But if a line meets S in more than one point, then
Thus no former secant becomes a tangent line to S \ T .
Theorem 5. Let q be an odd square and m be an integer satisfying
Then PG (2, q) contains semiovals of size m.
We construct a semioval of size m by deleting some points from the set
This set is a unital, hence it is a ( √ q + 1)-fat semioval. If m = kq or m = kq + 1 for an integer k, then the statement follows from Corollary 2. Otherwise, consider the unique integer k for which kq < m < (k + 1)q holds. It follows, from our assumption, that k ≥ ( √ q + 1)/2. Let T 1 be the set of points of
i=k+2 P a i except the point Y ∞ , and let T 2 be the set of any (k + 1)q − m points of P a k+1 . Then T = T 1 ∪ T 2 is contained in the union of √ q − k conics, hence each line meets it in at most 2(
points, because any line contains at most 2 points of a conic.
Thus S \ T is a semioval by Proposition 4, and its cardinality is q
We can prove the existence of much smaller semiovals using a theorem about dominating sets of bipartite graphs. Let A and B be the two vertex subsets of a bipartite graph. We say that a vertex v ∈ B dominates the subset S ⊂ A, if for any s ∈ S there is an edge between v and s. A subset B ⊂ B is a dominating set, if for any a ∈ A there exists b ∈ B which dominates a. The following lemma is due to S. K. Stein, the proof can be found e.g. in [9] . Proof. Let a 1 , a 2 , . . . , a √ q be the elements of GF( √ q). We prove that the unital
contains a semioval of size m.
We define a bipartite graph with two vertex subsets A and B. Let the vertices in B be the parabolas of U, and the vertices in A be those lines that are not tangents to U. Let a ∈ A and b ∈ B be joined if and only if the corresponding line is a bisecant of the corresponding parabola.
Hence from Lemma 6 we get that there exists B ⊂ B dominating A, and
Thus there exists a subset of 4 log q parabolas V ⊂ U such that each secant of U meets V in at least two points. Hence V is a semioval of size s = q 4 log q + 1. If m > s, then consider the unique integer k for which kq < m − s ≤ (k + 1)q holds. It follows from our assumption, that 0 ≤ k ≤ √ q − 4 log q . Let T be the union of k parabolas from the set U \ V, W be a parabola from the set U \ (V ∪ T ) and let W 1 be an arbitrary set of m − s − kq points of W \ Y ∞ . Then S = V ∪ T ∪ W 1 ⊂ U is a semioval of size m, because each secant of the semioval U meets it in at least two points.
The following theorem shows that we cannot construct small semiovals by the simple expedient of deleting some points from the union of two superosculating conics if they are internal to each other. Proof. If we do not delete any point, or if we delete only the point Y ∞ , then we get semiovals of size 2q+1 or 2q, respectively.
Suppose that S does not contain a point
Without loss of generality we may assume that b = 0 and D 1 ∈ P a . D 1 is an internal point of P 0 , hence there are (q + 1)/2 external lines to P 0 through D 1 . After the deletion of D 1 , each of these lines is a tangent to P a ∪ P 0 \ {D 1 }. One of these lines is the original tangent to S at D 1 , but each of the remaining D i for i = 2, 3 , . . . , (q + 1)/2, there are two possibilities: either the number of affine points in P a \ S is larger than (q + 1)/2, or the set D = {D 1 , D 2 , . . . D (q+1)/2 } has the property that each line joining two points of D is disjoint from P 0 .
In the former case a simple counting argument shows that there are more than one tangent to S through each of the remaining points of P a .
Suppose that we deleted exactly (q+1)/2 points, the elements of the set D. Let the affine coordinates of For small values of q there are semiovals contained in the union of three conics of a pencil of superosculating conics. We found such examples by computer search in the planes of order 25 and 49.
On the spectrum of sizes for q ≤ 13.
Semiovals of size 2(q − 1) + k for all 0 ≤ k ≤ q − 1 and k = 1 can be constructed easily. If we delete any set of q − 1 − k points from one side of a vertexless triangle, then the remaining points form a semioval S, and |S| = 2(q − 1) + k. Hence the spectrum of sizes always contains 2q − 2 and all integers in the interval [2q, 3q − 3]. For q ≤ 9, q odd, Lisonek [15] determined the spectrum by exhaustive computer search. He proved the following theorem.
Theorem 9. The spectrum of the sizes of semiovals in PG (2, q) is the following:
• If q = 3 then |S| ∈ {4, 6}.
• If q = 5 then |S| ∈ {6, 8, 9, 10, 11, 12}.
• If q = 7 then |S| ∈ {8, 9, 12, 13, 14, 15, 16, 17, 18, 19}. • If q = 9 then |S| ∈ {10, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27 , 28}.
The number of projectively distinct classes of each size is also known for q ≤ 7, see [13] . We have also found examples of the following sizes:
Theorem 10.
• In PG (2, 11) The smallest size for which there exists an infinite family other than the ovals, is 3(q − 1)/2. It was constructed by Kiss and Ruff [14] . It is easy to prove, that if a semioval contains at least (q − 1)/2 collinear points, or an oval (properly) if q is odd, then the semioval has at least 3(q − 1)/2 points. These facts together with the result of our computer search, support the following conjecture. (2, q) , q > 7, has less than 3(q − 1)/2 points, then it has exactly q + 1 points and it is an oval.
Conjecture 11. If a semioval in PG

The exceptional semiovals in PG(2, 7)
There are some interesting semiovals in PG(2, 7). The first one has only q + 2 points. If q = 7, then q + 2 = 3(q − 1)/2, and the semioval belongs to an infinite class of semiovals. The following classification theorem is a consequence of a result of Blokhuis [4] . If |S| = q + 2, q odd, then q = 7. S is projectively equivalent to the set of points {(0, 1, s), (s, 0, 1), (1, s, 0) : s is a square in GF (7)}, hence it is contained in a vertexless triangle.
Theorem 12.
There is no known infinite class of semiovals of size 2q − 1. There are only four known semiovals of this size; they appear on the planes of order 5, 7, 8 and 9. The following theorem characterizes the case q = 7.
Theorem 13. If |S| = 2q − 1 and S has a (q − 2)-secant, then q = 7 and S has exactly two (q − 2)-secants.
Proof. If q ≤ 13, then the statement follows from our exhaustive computer search. Let us suppose that q ≥ 17. It was proved by Kiss ( [12] , Theorem 1.1), that if S is a semioval in PG(2, q), there exist integers t and k such that |S| ≤ 2q − t + k, 2(t + k) ≤ q, t + 4(k + 1) ≤ q and S has a (q − t)-secant, then the tangent lines of S at the points of the (q − t)-secant are concurrent. In our case t = 2 and k = 2 satisfy the conditions if q ≥ 17 holds hence the tangent lines of S at the points of the (q − 2)-secant are concurrent.
Let now be a (q − 2)-secant of S, P 1 , P 2 and P 3 be the three points of \ S, and let C be the common point of the tangent lines of S at the points of . Then each of the q + 1 points of S \ is contained in ∪ 
This implies q ≤ 17. For q = 17, equality occurs if and only if m 1 = m 2 = m 3 = (q + 1)/3 = 6, and there are 6 bisecants of S through both P 1 and P 2 . This would mean that all of the lines joining these two points and the points of S ∩ CP 3 are bisecants. Thus there would be no tangent lines to S at the points S ∩ CP 3 , contradicting the definition of semiovals.
It is well-known, that PG(2, q) admits a cyclic Singer collineation group. This group is isomorphic to Z q 2 +q+1 , and it acts regularly on the points and lines of PG(2, q). We say that a set of points is cyclic, if it is the orbit of a point under a subgroup of a Singer group. Batten and Dover [3] found a cyclic semioval in PG(2, 7). It follows from our computer search, that this semioval is projectively unique. Hence we have the following theorem. 3 ). We briefly summarize it, the detailed description can be found in [5] . Let a be a primitive (q 2 + q + 1)-st root of unity in GF(q 3 ). Then PG(2, q) can be embedded into PG(2, q 3 ) in the following way:
the points of PG(2, q) are the elements of the set Proof. Suppose that S is a cyclic semioval in PG(2, q). Then there exist integers k and m such that km = q 2 + q + 1, and S = {P 0 , P m , P 2m , . . . , P (k−1)m }.
The transformation φ
is a collineation of PG(2, q), because it maps points to points, lines to lines, and preserves the incidence, because This collineation preserves S, because if P i ∈ S, then P qi ∈ S, and it has order three, because d q 3
= d holds for all elements of GF (q 3 ). The point P 0 = (1, 1, 1 ) is in S, and φ(P 0 ) = P 0 . The line t contains P 0 if and only if t q+1 + t + 1 = 0. Suppose that t is the unique tangent to S at P 0 . Then φ( t ) = t q also contains P 0 but does not contain any other point of S. Hence it is also tangent to S at P 0 . The tangent line is unique, hence t = t q , and so t q−1 = 1. But t q 2 +q+1 = 1 also holds, and from these two equations we get t 3 = 1. If q ≡ 2 (mod 3), then q 2 + q + 1 is not divisible by 3, so t = t q , hence in this case if S has one tangent at P 0 , then it has at least three distinct tangents at the point P 0 , so S could not be a semioval.
If q = 3 r , then it follows from the previous calculation, that the only possibility for S being a semioval is that the equation of the tangent line at P 0 is X +Y +1 = 0. Computer search for r ≤ 11 shows that it happens only for r = 4, hence if PG(2, 3 r ) contains a cyclic semioval and r ≤ 11, then r = 4 and S has 511 points.
